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Abstract: Given a general source V. = {V"}2° | with countably infinite
source alphabet and a general channel W = {IWW"}>° , with arbitrary ab-
stract channel input and output alphabets, we study the joint source-channel
coding problem from the information-spectrum point of view. First, we gen-
eralize Feinstein’s lemma (direct part) and Verdd-Han’s lemma (converse
part) so as to be applicable to the general joint source-channel coding prob-
lem. Based on these lemmas, we establish a sufficient condition as well as
a necessary condition for the source V to be reliably transmissible over the
channel W with asymptotically vanishing probability of error. It is shown
that our sufficient condition coincides with the sufficient condition derived
by Vembu, Verdu and Steinberg, whereas our necessary condition is much
stronger than the necessary condition derived by them. Actually, our nec-
essary condition coincide with our sufficient condition if we disregard some
asymptotically vanishing terms appearing in those conditions. Also, it is
shown that Separation Theorem in the generalized sense always holds. In
addition, we demonstrate a sufficient condition as well as a necessary condi-
tion for the e-transmissibility (0 < e < 1). Finally, the separation theorem
of the traditional standard form is shown to hold for the class of sources and
channels that satisfy the ( semi-) strong converse property.

Index terms: general source, general channel, joint source-channel
coding, separation theorem, information-spectrum, transmissibility, gener-
alized Feinstein’s lemma, generalized Verdi-Han’s lemma



1 Introduction

Given a source V. = {V"}>2, and a channel W = {W"}> ,  the joint
source-channel coding means that the encoder maps the output from the
source directly to the channel input (one step encoding), where the prob-
ability of decoding error is required to vanish as block-length n tends to
0o. In usual situations, however, the joint source-channel coding can be
decomposed into separate source coding and channel coding (two step en-
coding). This two step encoding does not cause any disadvantages from the
standpoint of asymptotically vanishing error probabilities, provided that the
so-called Separation Theorem holds.

Typically, the traditional separation theorem, which we call the sepa-
ration theorem in the narrow sense, states that if the infimum R;(V) of
all achievable fixed-length coding rates for the source V is smaller than the
capacity C'(W) for the channel W then the source V is reliably transmis-
sible by two step encoding over the channel W; whereas if R;(V) is larger
than C'(W) then the reliable transmission is impossible. While the former
statement is always true for any general source V and any general channel
W, the latter statement is not always true. Then, a very natural question
may be raised for what class of sources and channels and in what sense the
separation theorem holds in general.

Shannon [1] has first shown that the separation theorem holds for the
class of stationary memoryless sources and channels. Since then, this theo-
rem has received extensive attention by a number of researchers who have
attempted to prove versions that apply to more and more general classes of
sources and channels. Among others, for example, Dobrushin [2] and Hu [4]
have studied the separation theorem problem in the context of information-
stable sources and channels.

Recently, on the other hand, Vembu, Verdi and Steinberg [5] have put
this problem in a much more general information-spectrum context with
any general source V and any general channel W. From the viewpoint
of information spectra, they have generalized the notion of the separation
theorem and shown that, in many cases even with R¢(V) > C(W), it is
possible to reliably transmit the output of the source V over the channel
W. Furthermore, in terms of information spectra, they have established a
sufficient condition for the transmissibility as well as a necessary condition
for the transmissibility. It should be noticed here that, in general joint
source-channel coding situations, what indeed matters is not the validity
problem of the separation theorem but what is the necessary and sufficient



condition for the transmissibility. However, while their sufficient condition
looks simple and significantly tight, their necessary condition is very far from
tight.

The present paper was mainly motivated by the reasonable question why
these two conditions are very far from one another. In Section 3, we first
demonstrate two fundamental lemmas: a generalization of Feinstein’s lem-
ma [11] and a generalization of Verdi-Han’s lemma [8], which provide with
the firm basis for the key results to be stated in the subsequent section-
s. These lemmas are of the information-spectrum forms in nice accordance
with the general joint source-channel coding with countably infinite source
alphabet, arbitrary abstract channel input and output alphabets. In Sec-
tion 4, given a general source V and a general channel W we establish,
in terms of information-spectra, a sufficient condition (Direct theorem) for
the transmissibility as well as a necessary condition (Conwverse theorem) for
the transmissibility. These two conditions are very close from each other,
and actually coincides with one another if we disregard some asymptotically
vanishing term. In this sense, we may regard these conditions together as
specifying a “necessary and sufficient condition” for the transmissibility.

Next, we equivalently rewrite these conditions in the forms useful to
see the relation with the separation theorem. As a consequence, it turns
out that the equivalent form of our sufficient condition just coincides with
the sufficient condition given by Vembu, Verdi and Steinberg [5], whereas
the equivalent form of our necessary condition is much stronger than the
necessary condition given by them. In this connection, one of our main con-
clusions is that Separation Thorem in the generalized sense always holds for
all the sources and channels that satisfy this equivalent sufficient condition.

On the other hand, in Section 5, we demonstrate a sufficient condition
as well as a necessary condition for the e-transmissibility, which is the gen-
eralization of the sufficient condition as well as the necessary condition as
was shown in Section 4. Finally, in Section 6, we restrict the class of sources
and channels to those that satisfy the strong converse property (or the semi-
strong converse property) to show that the separation theorem in the narrow
sense holds for this class. This theorem corresponds to the standarad typical
separation theorem as was described in [5, Theorem 3].



2 Basic Notation and Definitions

In this preliminary section, we prepare the basic notation and definitions
which will be used in the subsequent sections.

2.1 General Source

Let us first give here the formal defintion of the general source. The general
source is defined as an infinite sequence V = {V" = (Vl(n), e Vn("))}zozl of
n-dimensional random variables V™ where each component random variable
Vi(n) (1 < ¢ < n) takes values in a countably infinite set V that we call
the source alphabet. It should be noted here that each component of V"
may change depending on block length n. This implies that the sequence
V is quite general in the sense that it may not satisfy even the consistency
condition as usual processes, where the consistency condition means that
for any integers m,n such that m < n it holds that Vz-(m) = Vz-(n) for all
1 =1,2,---,m. The class of sources thus defined covers a very wide range of
sources including all nonstationary and/or nonergodic sources (cf. Han and
Verdu [6]).

2.2 General Channel

The formal definition of the general channel is as follows. Let A, ) be ar-
bitrary abstract (not necessarily countable) sets, which we call the input
alphabet and the output alphabet, respectively. The general channel is de-
fined as an infinite sequence W = {W"(-|-) : X" — Y"}°°, of n-dimensional
probability transition matrices W, where W"(y|x) (x € X",y € V") de-
notes the conditonal probability of y given x.* The class of channels thus
defined covers a very wide range of channels including all nonstationary
and/or nonergodic channels with arbitrary memory structures (cf. Han and
Verdu [6]).

Remark 2.1 A more reasonable definition of the general source is the fol-
lowing. Let {V,}5%, be any sequence of arbitrary source alphabets V, (a
countabley infinite or abstract set) and let V}, be any random variable taking
values in V, (n = 1,2,---). Then, the sequence V = {V,}°2, of random

*In the case where the output alphabet Y is abstract, W™ (y|x) is understood to be the
(conditional) probability measure element W"(dy|x) that is measurable in x.



variables V;, is called a general source (cf. Verdu and Han [7]). The above
definition is a special case of this general source with V,, = V" (n =1,2,---).

On the other hand, a more reasonable definition of the general channel
is the following. Let {W, : X, — YV,}°2, be any sequence of arbitrary
probability transition matrices, where A,,)),, are arbitrary abstract sets.
Then, the sequence W = {W,,}52, of probability transition matrices W, is
called a general channel (cf. Han [9]). The above definition is a special case
of this general channel with X, = A"}, =YV" (n=1,2,---).

The key results in this paper (Lemma 3.1, Lemma 3.2, Theorem 4.1, The-
orem 4.2, Theorem 4.3, Theorem 4.4, Theorem 5.1, Theorem 5.2 and Theo-
rem 6.5 ) continue to be valid as well also in this more general setting with
VeV Vo and X", V", W™ W replaced by V,, V,,V and X, V,, W,,, W,
respectively.

In the sequel we use the convention that Pz(-) denotes the probability
distribution of a random variable Z, whereas P;(+|-) denotes the condition-
al probability distribution of a random variable Z given a random variable
U. a

2.3 Joint Source-Channel Coding

Let V = {V" = (Vl(n), e ,Vrgn))}fle be any general source, and let W =
{Wn™(-]-) + A" — Y"}5°, be any general channel. We consider an encoder
©n V" = X™ and an decoder ¢, : Y™ — V", and put X" = p, (V™). Then,
denoting by Y™ the output from the channel W due to the input X", we
have the obvious relation:

VP — X" - Y"™ (a Markov chain). (2.1)
The probability &, of decoding error with the code (¢, 1,) is defined by

en = Pr{V"#¢n(Y")}
= Y Pre(MWHD(V)|pa(v)), (2.2)
veyn
where D(v) = {y € YV"|¢n(y) = v} (Vv € V") (D(v) is called the decoding
set for v) and “¢” denotes the complement of a set. A pair (¢, ;) with
probability &, of decoding error is simply called a joint source-channel (n, ;)
code.
We now define the transmissibility in terms of joint source-channel codes
(n,en) as



Definition 2.1

. .. def .
Source V is transmissible over channel W <=  There exists an (n,¢,) code

such that lim ¢, = 0.
n—o0

With this definition of transmissibility, in the following sections we shall
establish a sufficient condition as well as a necessary condition for the trans-
missibility when we are given a geneal source V and a general channel W.
These two conditions are very close to each other and can actually be seen
as giving the same condition if we disregard an asymptotically negligible
term 7y, — 0 appearing in those conditions (cf. Section 4).

3 Fundamental Lemmas

In this section, we prepare two fundamental lemmas that are needed in
the next section in order to establish the main theorems (Direct part and
Converse part).

Lemma 3.1 (Generalization of Feinstein’s lemma) Given a general source
V = {V"}2, and a general channel W = {W"}> , let X" be any input
random variable taking values in A”, which may be arbitrarily correlated

to the source variable V™, and Y be the channel output via W” due to the
channel input X™. Then, for every n =1,2,---, there exists an (n,e,) code
such that

1 ny"|xm 1 1
en < Pr {— log WrTX®) < —log Po (V) +7} +e "7, (3.1)
n

Pyn(Y") ~n ° Pya(VP
where! 4 > 0 is an arbitrary positive number.

Remark 3.1 In a special case where the source V.= {V"}°%, is uniformly
distributed on the massage set M,, = {1,2,---,M,}, it follows that

1 1 1
log ——— = —log M,
Og PV”(Vn) n Og ns

n

In the case where the input and output alphabets X,) are abstract (not necessarily
countable), WIOTIXD) in (3.1) is understood to be g(Y™|X™), where g(y|x) = Wy x)

(dy|X) PY(n (‘1;") ( ) P y)
_ WMAY|X)Pxn(dX) _  Pxnyn(dX,dy) . N . . )
= B (V) Pan (%) = Prn (%) Py () 15 the Radon-Nikodym derivative that is measur

able in (x,y).



which implies that the entropy spectrum? of the source V.= {V"}%, is
exactly one point spectrum concentrated on %log M,,. Therefore, in this
special case, Lemma 3.1 reduecs to Feinstein’s lemma [11]. O

Proof of Lemma3.1:

For each v € V", generate x(v) € X" at random according to the con-
ditional distribution Pxn |y« ([v) and let x(v) be the codeword for v. In
other words, we define the encoder ¢, : V" — A™ as x(v) = ¢, (v), where
{x(v) | Yv € V"} are all independently generated. We define the decoder
Y 1 Y — V" as follows: Set

_ D1 Whylx) (1 1
S, = {(v,x,y)EZ nlogipyn(y) >nlogpvn(v)+7},
(3.2)
Su(v) = {(xy) € X" x V"|(v,x,y) € Sn}, 3.3

where for simplicity we have put Z™* = V"™ x A™ x Y". Suppose that the
decoder v, received a channel output y € Y". If there exists one and
only one v € V" such that (x(v),y) € Sy,(v), define the decoder as v =
1, (y) with that v; otherwise, let the output of the decoder i, (y) € V" be
arbitrary. Then, the probability , of error for this pair (p,, ) of encoder
and decoder (averaged over all the realizatioins of the random code) is given
by

Ep = Z Pyn(v)eg(v), (3.4)

veyn

where £, (v) is the probability of error (averaged over all the realizatioins of
the random code) when v € V" is the source output. We can evaluate g,(v)
as

en(v) < Pr{(x(v),Y") ¢ Su(v)}

—i—Pr{ U {(x(v’),Y”)eSn(v’)}}

vi:vi#£EV
#The probablity distribution of %log W is called the entropy spectrum of the
source V. = {V"}22,, whereas the probability distribution of % log % is called the

mutual information spectrum of the channel W = {WW"}32, given the input X = {X"}77,
(cf. Han and Verdd [6]).



< Pr{(x(v),Y") ¢ Su(v)}
+ > Pr{(x(v),Y") € S\(v)}, (3.5)

vi:vi#£EV

where Y is the channel output via W™ due to the channel input x(v). The
first term on the right-hand side of (3.5) is written as

An(v) = Pr{(x(v),Y") ¢ Su(v)}

= Z Pxnynjyn (X, y]V).
(X,Y)¢5n (V)

Hence,
Z Pyn(v)A,(v) = Z Py (v) Z Pxnynjyn (%, y[v)
veyn veyn (x,¥)¢Sn (V)
= > Praxoyn(v,x,y)
(V7x,y)¢5"
= Pr{V"X"Y" ¢ S,}. (3.6)

On the other hand, noting that x(v'),x(v) (v' # v) are independent and
hence x(v'), Y™ are also independent, the second term on the right-hand
side of (3.5) is evaluated as

By(v) = Y Pr{(x(v),Y") € S,(v)}
vi:vi#£EV
= > > Py (yv) Pxnjye (x]V)
viiviEV (X,Y)ESR (V)

> Y Py (y[v) Pxnjyn (x[V).

VIEVT (X,y)€Sn (V')

IN

Hence,

Z PV" (V)Bn (V)

veyn

< > > Y Pro(V)Pyrpyn(y]v) Pynjyn (x|V')

veVr vieVn (x,y)eSy (V')

= > Y Pya(y)Pxnpn (xV). (3.7)

v'eVn™ (x,y)eSn (V')
Since, if (x,y) € Sp(Vv'), then by means of (3.2), (3.3) we have

Pyn(y) < Pyn (V)W (y|x)e "7,



(3.7) is further transformed to

Z PV" (V)Bn (V)

veyn

MY T PP )W i)
V/EV™ (X,y)ESn (V')

< e ™Y Pre(V) Py (xV) W (v %)
(V' x,y)eZ"
= e . (3.8)
Then, from (3.4), (3.6) and (3.8) it follows that

g, = Z Pyn(v)Ey(V)

veyn
< Z Pyn (V)AL (V) + Z Pyn(v)Bp(v)
veynr veyn

< Pr{V"X"Y" & S,} +e .
Thus, there must exist a deterministic (n,e,) code such that
en KPr{V"X"Y" ¢ S} +e "7,

thereby proving Lemma 3.1. a

Lemma 3.2 (Generalization of Verdi-Han’s lemma) Let V = {V"}2°,
and W = {W"}2°, be a general source and a general channel, respectively,
and let ¢, : V" — X" be the encoder of an (n,&,) code for (V", W"). Put
X™ = pp(V"™) and let Y™ be the channel output via W™ due to the channel
input X™. Then, for every n = 1,2,---, it holds that

WrYXT) 1

U
Pya(Y") —n 8

1 _
En Z Pr{glog W —’Y} — € n’y, (39)
where v > 0 is an arbitrary positive number.

Remark 3.2 In a special case where the source V.= {V"}0° | is uniformly
distributed on the massage set M,, = {1,2,---,M,}, it follows that

1 1
—log ———— = —log M,,,
n 08 Pyn (V™) n °8

8



which implies that the entropy spectrum of the source V.= {V"}2° is
exactly one point spectrum concentrated on %log M,,. Therefore, in this
special case, Lemma 3.2 reduecs to Verdi-Han’s lemma [8]. O

Proof of Lemma3.2

Define

Wiyl 1, 1
Pye(y) —n 8 Pyu(v

1
L, = {(v,x,y) e Z" |—log
n

- v 310)
and, for each v € V", set

D(v) ={y € V"[¢uly) = v},

that is, D(v) is the decoding set for v. Moreover, for each (v,x) € V" x A'™,
set

B(v,x) ={y € Y"|(v,x,y) € L,} . (3.11)

Then, noting the Markov chain property (2.1), we have

Pr{V"X"Y" € L,}
= Y Pyrxnyn(v,x,y)
(V7x’y)eL"
= Z Pynxn (v, x)WW"(B(v,x)|x)
(v,x)eyrnxxn
= Z Pynxn (v, x)W"(B(v,x) N D(v)|x)
(v,x)eyrnxxn
+ Z Pynxn (v, x)W"(B(v,x) N D(v)|x)
(v, x)evrxan
Y Pyoxn (v,x)W™(D(v)[x)
(v, x)evrxan
+ Z Pynxn (v, x)W"(B(v,x) N D(v)|x)
(v,x)eyrnxxn
= ep+ Z Pynxn (v, x)W"(B(v,x) N D(v)|x)
(v,x)eynxxn

= ¢ep+ Z Pynxn (V, X) Z Wn(Y|X)7 (312)
(v,x)eVrxxn YEB(v,x)ND(V)

IN



where we have used the relation:
Ep = Z Pynxn (v, x)IW"(D(v)]x).
(v,x)eEVm x X™
Now, it follows from (3.10) and (3.11) that y € B(v,x) implies

e " Pyn(y)

Wi (yl) < <,

which is substituted into the right-hand side of (3.12) to yield

Pr{V"X"Y" € L,}

< epte™ > Pxenjyn (x|v) > Pyn(y)
(Vv,X)EV XA yeB(v,x)ND(v)

< epte™ > Pxajye(x|v)Pya(D(v))
(V,X)eEVmx X
= e ™ Y (D))
veyn
= e, +e "7,
thereby proving the claim of the lemma. |

4 Theorems on Transmissibility

In this section we give both of a sufficient condition and a necessary condition
for the transmissibility with a given general souce V.= {V"}>2 | and a given
general channel W = {IWW"}22 .

First, Lemma 3.1 immediately leads us to the following direct theorem:
Theorem 4.1 (Direct theorem) Let V = {V"}>, W = {W"}> | be
a general source and a general channel, respectively. If there exist some
channel input X = {X™}°%,, which may be arbitrarily correlated to the
output of the source V.= {V"}>2,, and also some sequence {7y}, of real
nubers with

Y >0, v = 0 and ny, - 00 (n — o) (4.1)

for which it holds that
wn(y™|Xxm) 1

1
lim Pr{ —1 < —log——— b =0, 4.2
Jim, f{n‘)g Py (V) —n‘)gpvn(vn)”} 0. (42

10



then the source V. = {V"}>, is transmissible over the channel W =
{Wm™}o,, where Y is the channel output via W due to the channel input
X"

Proof:

Since in Lemma 3.1 we can choose the constant v > 0 so as to depend
on n, let us take, instead of v, an arbitrary {7,}22, satisfying condition
(4.1). Then, the second term on the right-hand side of (3.1) vanishes as n
tends to oo, and hence it follows from (4.2) that the right-hand side of (3.1)
vanishes as n tends to co. Therefore, the (n,e,) code as specified in Lemma
3.1 satisfies nlglgo en = 0. O

Next, Lemma 3.2 immediately leads us to the following converse theorem:

Theorem 4.2 (Converse theorem) Suppose that a general source V. =
{V™}22 | is transmissible over a general channel W = {WW"}>2,. Then,
for some channel input X = {X"}52,, which may be arbitrarily correlated
to the output of the source V.= {V"}% , and for any sequence {v,}°°,
satisfying condition (4.1), it holds that

{1 Wr(Yrx") 1 1 } 0

) < log———
°8 =08 P vy

Lo~ p (4.3)

lim Pr
n—o0

where Y™ is the channel output via W™ due to the channel input X™.

Proof:
If V is transmissible over W, then, by Definition 2.1 there exists an
(n,eyn) code such that le en = 0. Denote by ¢, the encoder of this code
n (0]

and put X" = ¢, (V™). Moreover, if we denote by Y™ the channel output
via W™ due to the channel input X", then the claim of the theorem imme-
diately follows from (3.9) in Lemma 3.2 with ~, instead of ~. a

Remark 4.1 Comparing (4.3) in Theorem 4.2 with (4.2) in Theorem 4.1,
we observe that the only diffence is that the sign of v, is changed from +
to —. Since 7, vanishes as n tends to oo, this difference is asymptotically
negligible. Thus, except for this asymptotically negligible difference, Theo-
rem 4.1 together with Theorem 4.2 can be regarded as providing with a “
necessary and sufficient condition” for the source V.= {V"}2° | to be trans-
missible over the channel W = {WW"}2> . O

11



Now, let us think of the implication of conditions (4.2), (4.3). First, let

us think of (4.2). Putting

1 nyn|xn
An:—logiw( |X")

B

S PO
n 7 Py (V")
for simplicity, (4.2) is written as
an =Pr{4, <B,+m}—=0 (n— o0),
which can be transformed to

Pr{A, < B, +m}
= ZPr{Bn =u}Pr{A, < B, + VB, = u}
u

u

Set
T, ={u|Pr{A, <u+v,|B, =u} < a,},

then by virtue of (4.4) and Markov inequality, we have

Pr{B, eT,} >1—/a,.

Let us now define the upper cumulative probabilities for A,,, B, by

Py(t) =Pr{d, > t}, Qn(t) =Pr{B, >1},
then it follows that

Ptd = Y Pr{B,=u}Pr{4, >t|B, =u}

v

> Pr{B, =u}Pr{A, >t|B, = u}

u€Tn:
u>t—yn

v

u€Tn:
u>t—yn

On the other hand, by means of (4.5), u € T,, implies that

Pr{A, > u+y,|By, =u} >1—/ay.

12

Z Pr{B, =u}Pr{A, > u+v,|Bn, =u}.

(4.4)

(4.5)

(4.6)

(4.7)



Theore, by (4.6), (4.7) it is concluded that

Pu(t) > (1—+y/ay) Y Pr{B,=u}
> (1- \/OTn)(Qn(t —n) — Pr{By, ¢ Tn})
> (1= an)(@Qn(t — ) — Vou)
> Qnl(t—mm) —2Von.

This means that, for all ¢, the upper cumulative probability P,(t) of A,
is larger than or equal to the upper cumulative probability @, (t — ~v,) of
By, except for the asymptotically vanishing difference 2,/ay,. This in turn
implies that, as a whole, the mutual information spectrum of the channel is
shifted to the right in comparison with the entropy spectrum of the source.
With —, instead of 7, the same implication follows also from (4.3). This is
the information-spectrum implication of the “necessary and sufficient con-
dition” (4.2), (4.3). It is such an allocation relation between the mutual
information spectrum and the entropy spectrum that enables us to make an
transmissible joint source-channel coding.

However, it is not easy in general to check whether conditions (4.2),
(4.3) in these forms are satisfied or not. Therefore, we consider to equiv-
alently rewrite conditions (4.2), (4.3) into the forms easier to check. This
can actually be done by re-choosing the input and output variables X", Y™
as follows. These forms are useful in order to see the relation of conditions
(4.2), (4.3) with the so-called Separation Theorem.

First, we show the equivalent information-spectrum form of the sufficient
condition (4.2) in Theorem 4.1.

Theorem 4.3 (Equivalence of sufficient conditions) The following t-
wo conditions are equivalent:

1) For some channel input X = {X"}2°,, which may be arbitrarily
correlated to the output of the source V.= {V"}°%, and for some sequence
{1}, satisfying condition (4.1), it holds that

1 wnr(y™| X" 1 1
(110g O
n

< Liog Vn)ﬂn}:o, (4.8)

lim P S —
= Pyn(Y7) =8 Pya(

n—0o0

where Y is the channel output via W™ due to the channel input X".

2) (Strict domination: Vembu, Verdd and Steinberg [5]) For some
channel input X = {X™}°%,, which may be arbitrarily correlated to the

13



output of the source V.= {V"}>° , and for some sequence {c,}22, and
some sequence {7y, }>2, satisfying condition (4.1), it holds that

. 1 1
i, (P {5 oy > o}
1 nym™Xxm
—i—Pr{—logW ()

L Wgcrﬁ—%}):(), (4.9)

where Y™ is the channel output via W™ due to the channel input X™.

Remark 4.2 (Separation) [OThe sufficient condition 2) in Theorem 4.3
means that the entropy spectrum of tha source and the mutual information
spectrum of the channel are asymptotically completely split with the vacant
boundary of asymptotically vanishing width ~,, and the former is placed to
the left of the latter, where these two spectra may vibrate “synchronously”
with n. In the case where such a separation condition 2) is satisfied, we can
make the transmissible joint source-channel coding in two steps as follows
(Separation of source coding and channel coding): We first encode the source

1
output V™ at the fixed-length coding rate ¢, = —log M,,, and then encode
n

the output of the source encoder into the channel. The error probabilty ¢,
for this two step coding is upper bounded by the sum of the average error
probability of the fixed-length source coding (cf. Han [9], [10]):

1 1
Prq{—log—— > ¢,
f{n‘)gpvn(vn)—"‘}

and the maximum error probability of the channel coding (cf. Feinstein
H: 1 wn(y"|Xxm)

Pr{—log —————

g { n 8T P (V)
It then follows from (4.9) that both of these two error probabilities vanish as
n tends to oo, where it should be noted that e "7 — 0 as n — oo. Thus, we
have le en, = 0 to conclude that the source V.= {V™}22 | is transmissible
n o0

<cy +7n} +e M,

over the channel W = {IWW"™}2° . This gives also another proof of Theorem
4.1. 0

Proof of Theorem 4.3:
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2) = 1): For any joint probability distribution Py~ x» for V™ and X", we
have

P {110 Wn(yn|Xn) < 1lo + }
re—log——F= < -log—=—~+mm
n T P (Y S 8 Py T
1 1
< Pri{-log——— >¢,
= r{n ngvn(vn)—c}

1 my"\xm
+Pr{—logw
n

<
P 7”} ’

which together with (4.9) implies (4.8).

1) = 2)0 Supposing that condition 1) holds, put

1 wry"xm) 1 1
=Pr{—log————— 2 < “log—«— 4.1
an r{n B TPy (YR) = 08 P (V) +%}’ (4.10)
and moreover, with ), = %, 0p, = max(\/ay,, e_n%)a put
dy, =s {RP{llo ! >R}>5} , (4.11)
n = Su rq—log —r—+ > n(— Tn- .
P n 08 Py (V) 7
Furthermore, if we put
S, = { e v | L iog —2 >d} (4.12)
n =Y — Pyn(v) = ") ’
AD = Pr{vres,}, AP =Pr{Vv"¢S,}, (4.13)

then the joint probability distribution Py« xnyn» can be written as a mixture:

PV"X”Y” (V7 X, Y)
= As’Ll)PVan?n (Va X, Y) + A%Z)Pvnfn?” (Va X, Y)a (414)
where Py ngns Pvnynyn are the conditional probability distributions of
V2X"Y™ conditioned on V™ € S, V" ¢ S,,, respectively. We notice here

that the Markov chain property V™* — X™ — Y implies P~n| n = P?an
= W™ as well as the Markov chain properties

Vh s X"y, VXS Y

15



We now rewrite (4.10) as
1 YrXxm 1
o, = AMPr{=lo gﬁ < —log———=—+mm
noC Py(Ym) on O Py (VM)
Lo " |X ) 1 1
- < log———— + 9 b
(4.15)

On the other hand, since (4.11), (4.12) lead to ALY > On > /an, it follows
from (4.15) that

1. wn(Yy™Xx") 1 1
Pr{—log————* < —log —— + < an,. 4.16
{n B i) = 1 %8 i) 7n} < Van (4.16)

Then, by the definition of V",

and so from (4.16), we obtain

LW Em
r {n B By ST } va (4.17)

Next, since it follows from (4.14) that

Pya(y) = A Ppaly) + A0 Ppe(y)
> AV Ppa(y)
> 0nPya(y)
> e P (y),
we have
llog¥~<llog 1~ + Yy
no Py (Y?) T " Py (YT)

which is substituted into (4.17) to get

1. W™(Y"X™) ,
Pri{=log—— 1’ < — < oo, 4.18
r{n SRR 19
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On the other hand, by the definition (4.11) of d,,

1 1
Pr{—log m———x > dn + 27, ¢ < . 4.19
r{n OgPVn(V”)— * 7"}— (4.19)
Set ¢, = dp, + 27/, and note that «,, — 0, d, = 0 (n — o) andfy;:Z—”’

then by (4.18), (4.19) we have

: 1 1
i, (P {5 o gy > o}
1. W™ Xm) 1
Pr{ —log ————=— < - =0.
+ r{n og Py Cn + 1

SIS |
Finally, resetting X"Y™", —v, as X"Y"™ and ~,, respectively, we conclude
that condition 2), i.e., (4.9) holds. O

Next, we show the equivalent information-spectrum form of the necessary
condition (4.3) in Theorem 4.2.

Theorem 4.4 (Equivalence of necessary conditions) The following t-
wo conditions are equivalent:

1) For some channel input X = {X"}2°,, which may be arbitrarily
correlated to the output of the source V.= {V"}5°, and for any sequence
{1}, satisfying condition (4.1), it holds that
{ 1 wrEYmxn) 1

lim Pr
n—oo

—log——— < —log——— — =0 4.20
n 8 Pyn(Y™) —n 8 Pyn (V™) ’Yn} ’ ( )
where Y is the channel output via W™ due to the channel input X".

2) (Domination) For some channel input X = {X"}>2,, which may
be arbitrarily correlated to the output of the source V.= {V"}22,, and for
some sequence {c, }°2; and any sequence {7, } 2, satisfying condition (4.1),
it holds that

. 1 1
i, (P {5 oy > o}

1 WrYX™)
*Pr{abg—pw(y_w Sen—amf) =0 (20

where Y™ is the channel output via W™ due to the channel input X™.

17



Proof: This theorem can be proved in the entirely same manner as in the
proof of Theorem 4.3 with ~, replaced by —v,,. a

Remark 4.3 (Separation Theorem) The necessary condition 2) in Theo-
rem 4.4 means that the entropy spectrum of tha source and the mutual
information spectrum of the channel are asymptotically completely split ex-
cept for the part of asymptotically vanishing width ~,, and the former is
placed to the left of the latter. This observation corresponds to the impli-
cation of the sufficient condition 2) in Theorem 4.3 (cf. Remark 4.2). If we
disregard the asymptotically vanishing terms +,,, condition 2) in Theorem
4.3 together with condition 2) in Theorem 4.4 can be regarded as providing
with a “necessary and sufficient condition” for the source V.= {V"}°2, to
be transmissible over the channel W = {WW"}>_,. Thus, in view of Remark
4.2, we can say that Separation Theorem continues to hold in a wider sense
also for the general joint source-channel coding in consideration. a

Remark 4.4 Actually, the definition of domination given by Vembu, Verda
and Steinberg [5] is not condition 2) in Theorem 4.4 but the following:

2') (Domination) For any sequence{c, }52,and for any sequence {v, }52,
satisfying condition (4.1), there exists some channel input X = {X"}2°,
such that

. 1 1
i, (Pr{ 0w 7y 2 o
wnry™Xxm) })
—— <y — =0 4.22
Pya(Y7) = Cn — In ( )

holds, where Y is the channel output via W™ due to the channel input X".

1
Ox Pr{—log
n

It is easy to see that this necessary condition 2') is implied by the neces-
sary condition 2) in Theorem 4.4. In fact, the latter is much stronger than
the former as necessary conditions for the transmissibility. a

5 e-Transmissibility Theorem

So far we have considered only the case where the error probability ¢, sat-
isfies the condition li_)m en, = 0. However, we can relax this condition as
n—oo

18



follows:
limsupe, <e¢, (5.1)

n—o0

where ¢ is any constant such that 0 < e < 1. (It is obvious that the special
case with £ = 0 coincides with the case that we have considered so far.) We
now say that the source V is e-transmissible over the channel W when there
exists an (n,e,) code satisfying condition (5.1).

Then, the same arguments as in the previous sections with due slight
modifications lead to the following two theorems in parallel with Theorem
4.1 and Theorem 4.2, respectively:

Theorem 5.1 (e-Direct theorem) Let V. = {V"}>2, W = {IW"}>
be a general source and a general channel, respectively. If there exist some
channel input X = {X™}°%,, which may be arbitrarily correlated to the
output of the source V.= {V"}>, and also some sequence {v,}52, of real
nubers with

Y >0, v = 0 and ny, - 0o (n — o) (5.2)

for which it holds that
1 wry™x") 1 1
—log ————F—— < —log ——— < 5.3
{n @ pL(Y") “n Og1E>Vn(vn)+“7”}—8’ (5:3)
then the source V.= {V™}2° | is e-transmissible over the channel W =
{Wm}ee,, where Y is the channel output via W due to the channel input
X 0

lim sup Pr
n—o0

Theorem 5.2 (s-Converse theorem) Suppose that a general source V =
{V™}o2, is e-transmissible over a general channel W = {W"}> . Then,
for some channel input X = {X"}°° ,, which may be arbitrarily correlated
to the output of the source V.= {V"}°2, and for any sequence {v,}5%,
satisfying condition (5.2), it holds that

IR U ORI 1
R R R L

where Y™ is the channel output via W"” due to the channel input X™. O

lim sup Pr
n—o00

It should be noted here that such a sufficient condition (5.3) as well as
such a necessary condition (5.4) for the e-transmissibility cannot actually be
derived in the way of generalizing the strict domination in (4.9) and the dom-
ination in (4.21). It should be noted also that, under the e-transmissibility
criterion, Separation Theorem does not necessarily hold.
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6 Separation Theorem for a Class of Sources and
Channels

In this section, we consider, as a special case of Theorem 4.1~Theorem 4.4,
the case where either the source V.= {V"}> | or the channel W = {W"™}°° ,
satisfies the strong converse property. In this special case, Theorem 4.1 and
Theorem 4.2 can be written in much simpler forms.

In order to show this, we need some preparations. Let Rf(V), C(W)
denote the infimum of all achievable fixed-length coding rates for the source
V = {V"}2° , and the capacity for the channel W = {IWW"}2° | respectively.
A general source V = {V"}>2 is said to satisfy the strong converse property
if the probability &, of decoding error for fixed-length source coding with any
rate R such that R < R;(V) necessarily approaches one as n tends to oo (cf.
Han [9]). Moreover, a general channel W = {WW"™}2° | is said to satisfy the
strong converse property if the probability ¢, of decoding error for channel
coding with any rate R such that R > C(W) necessarily approaches one as
n tends to oo (cf. Verdu and Han [8]).

Define®
H(V) = lims ! lo !
= p-limsup —log ———~
p-limsup = log 570
_ _ .. 1 wn(y"|xm)

where Y is the channel output via W™ due to the channel input X" and
we have put X = {X"}>2,, Y = {Y"}22,. Then, we have

Theorem 6.1 (Han and Verdd [6])
R;(V) =H(V). (6.1)
Theorem 6.2 (Verdd and Han [8])

C(W) = sglcpl(X;Y). (6.2)

$For any sequence {Z, }7, of real-valued random variables, we define the limit superior
in probability (cf. Han and Verdd [6]) of {Z,}52; by p-limsup Z,, = inf{8| lim Pr{Z, >
n— oo

n—oo

B} = 0}. Also, we define the limit inferior in probability (cf. Han and Verdi [6]) of
{Z,}72 by p-liminf Z, = sup{e| lim Pr{Z, < a} = 0}.
n— oo n— oo
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Theorem 6.3 (Han [9]) The necessary and sufficient condition for the source
V to satisfy the strong converse property is

H(V) = H(V), (6.3)

where

H(V) = p-liminf 1 log

minf - log o (6.4)

Theorem 6.4 (Verdd and Han [8]) The necessary and sufficient condition
for the channel W to satisfy the strong converse property is

supI(X;Y) =sup I(X;Y), (6.5)
X X

where ) e
I(X;Y) = p-limsup — log %

n—oo T

(6.6)

With these preparations, we have the following separation theorem for
the class of sources and channels as stated above.

Theorem 6.5 (Separation theorem) Let either the source V.= {V"}>2,
or the channel W = {IW"}22 | satisfy the strong converse property. Then,
the following two statements hold:

1) If Rf(V) < C(W), then the source V is transmissible over the channel
W. In this case, we can separate the source coding and the channel
coding (Separation of codings).

2) If the source V is transmissible over the channel W, then it must hold

that R(V) < C(W).

Proof:
1): In the proof of this part, the assumption of the strong converse
property is not necessary. Since R;(V) = H(V), C(W) =sup[(X;Y) by

X
Theorem 6.1 and Theorem 6.2, the inequality Ry(V) < C(W) implies that
condition 2) in Theorem 4.3 holds for X = { X" }52 ;| attaining the supremum

1
sup I(X;Y) if we put, for example, ¢, = §(Rf(V) + C(W)). Therefore, the
X

source V is transmissible over the channel W.
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2): If the source V is transmissible over the channel W, then condition
2) in Theorem 4.4 holds, and hence we have

. 1 1

First, suppose that the source V satisfies the strong converse property.
Then, it follows from (6.7), the definition of H(V) and Theorem 6.3 that

H(V)=H(V) <liminfe,.

n— 00

Moreover, by virtue of condition 2) in Theorem 4.4 we have

1. Wrym™xm)

nlglgo Pr {E log Py (V) <c, — 'yn} =0. (6.8)

Then, it follows from (6.8) and the definition of I(X;Y) that
I(X;Y) > liminf ey,

where we have put X = {X"}> )Y = {Y"}>2,. Hence, it is concluded
that
Ry(V) = H(V) < I(X:Y) < sup I(X;Y) = C(W).
X
Next, suppose that the channel W satisfies the strong converse property.
Then, it follows from (6.8), the definition of I(X;Y) and Theorem 6.2,
Theorem 6.4 that

limsupe, < I(X;Y) <supI(X;Y) =supI(X;Y)=C(W).
X

n—00 X
On the other hand, from (6.7) and the definition of H(V) we have

H(V) < limsupc,.

n— 00

Thus, it is again concluded that R;(V) = H(V) < C(W). O

Remark 6.1 In the proof of Theorem 6.5 2) we have invoked the domina-
tion in the sense of Theorem 4.4 2). Notice, however, that the domination
in the sense of Remark 4.4 2') cannot lead us to establish Theorem 6.5 2).
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Example 6.1 If neither the source V.= {V"}>, nor the channel W =
{Wm}o2, satisfies the strong converse property, the statement 2) in Theo-
rem 6.5 does not necessarily hold. For example, let V = X =) = {0,1},
and consider the case where, if n is even, then Py~ is the uniform distri-
bution on V" and W™ is the identity mapping; otherwise if n is odd, then
Pyn(0™) =1, W™(0"x) = 1 (Vx € A™), where 0" denotes the sequence
of n 0’s. It is obvious in this case that the source V is transmissible over
the channel W with zero error probability, although neither the source V
nor the channel W satisfies the strong converse property. However, since
it is easy to check that R¢(V) =log2 and C(W) = 0, the statement 2) in
Theorem 6.5 does not hold for this example. O

Let us now compare Theorem 6.5 with the standard classical separation
theorem. To this end, we need to record some definitions as follows: A
general source V.= {V™}°° | is said to be information-stable (cf. Dobrushin
[2], Pinsker [3]) if

1 1
w108 Py

H,(Vn)
where H,(V") = LH(V™) and H(V™) stands for the entropy of V™ (cf.
Cover and Thomas [13]). Moreover, a general channel W = {W"}°° | is

said to be information-stable (cf. Dobrushin [2], Hu [4]) if there exists a
channel input X = {X"}>, such that

— 1 in prob., (6.9)

wly | xm)
Pyn(Y7)

Cp (W)

% log
— 1 in prob., (6.10)

where

1
Cn(W™) =sup —I(X";Y"),
xn n

and Y" is the channel output via W" due to the channel input X"; and
I(X™;Y™) is the mutual information between X™ and Y (cf. Cover and
Thomas [13]). Then, we can summarize the typical classical separation
theorem as follows, which is slightly different from Theorem 6.5:

Theorem 6.6 (Vembu, Verdu and Steinberg [5]) Let the channel W = {W"}5°
be information-stable and suppose that the limit nlggo Cp(W™) exists. Or,

let the source V.= {V"}>2, be information-stable and suppose that the
limit nli)rgo H, (V") exists. Then, the following two statements hold:
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1) If Rf(V) < C(W), then the source V is transmissible over the channel
W. In this case, we can separate the source coding and the channel
coding (Separation of codings).

2) If the source V is transmissible over the channel W, then it must hold
that Ry(V) < C(W).

It is not difficult to verify that, in the case where both of channel input
alphabet X and channel output alphabet ) are non-finite abstract sets, either
the strong converse property of the channel W assumed in Theorem 6.5 or
the information-stability of the channel W together with the existence of the
limit assumed in Theorem 6.6 is not implied by the other. In this sense, both
theorems have their own rights. On the other hand, with countably infinite
source alphabet V, the information-stability of the source V together with
the existence of the limit assumed in Theorem 6.6 implies the strong converse
property of the source V assumed in Theorem 6.5. In this sense, Theorem
6.5 is stronger than Theorem 6.6.

It should be pointed out here that in general it is more or less easier to
check the validity of the condition in Theorem 6.5 than that of the condition
in Theorem 6.6.

Finally, let us now consider to generalize both of Theorem 6.5 and The-
orem 6.6. In fact, we can strengthen Theorem 6.5 so as to include also
Theorem 6.6 as a special case. To do so, let us define the concept of semi-
strong converse property as follows. A general source V = {V"}°° | is said
to satisfy the semi-strong converse property if for all divergent subsequences
{n;}5%, of positive integers such that n; < ng < --- — oo it holds that

1
p-lim sup — = H(V). (6.11)

log ————

isoo My Pymi (V)

A general channel W = {W"™}2° | is said to satisfy the semi-strong converse

property if for any channel input X = {X"}>2, and for all divergent subse-

quences {n;}>°; of positive integers such that n; < ny < --- — oo it holds
that

-1l1minr — 108 ———————
P i—oo Ny & Py (Y™)

where Y™ is the channel output via W" due to the channel input X".
With these definitions, we have the following separation theorem.

<sup I(X;Y), (6.12)
X

Theorem 6.7 (Separation theorem) Let either the source V.= {V"}22
or the channel W = {W"™}2° | satisfy the semi-strong converse property.
Then, the following two statements hold:
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1) If Rf(V) < C(W), then the source V is transmissible over the channel
W. In this case, we can separate the source coding and the channel
coding (Separation of codings).

2) If the source V is transmissible over the channel W, then it must hold
that Rp(V) < C(W).

Proof:
The proof is the same as that of Theorem 6.5 based on Theorem 4.4
2), except for that, here, owing to the assumed conditions, we directly have
H(V) < lirg inf ¢, (if the source V satisfies the semi-strong converse prop-
n o0

erty) and limsupe, < supx I(X;Y) (if the channel W satisfies the semi-
n—0o0

strong converse property). a

Remark 6.2 It is obvious that the strong converse property implies the
semi-strong converse property for either the source or the channel. There-
fore, Theorem 6.7 includes Theorem 6.5 as a special case. Similarly, it is not
difficult to check that the information stability together with the existence
of the limit implies the semi-strong converse property for either the source
or the channel. Hence, Theorem 6.7 includes Theorem 6.6 as a special case.
Thus, Theorem 6.7 is the strongest among these three separation theorems
in the traditional sense.

Csiszar and Korner [12] have posed two operational standponits in source
coding and channel coding, i.e., the pessimistic standpint and the optiimistic
standpint. In their terminology, for source coding, the semi-strong convserse
property is equivalent to the condition that both of the pessimistic standpint
and the optiimistic standpint result in the same infimum of all achievable
fixed-length source coding rates. Similarly, for channel coding, the semi-
strong convserse property is equivalent to the condition that both of the
pessimistic standpint and the optiimistic standpint result in the same supre-
mum of all achievable channel coding rates. a

Example 6.2 Let us consider two different stationary memoryless sources
Vi = {V"}22,, Vo = {V'}°, with countably infinite source alphabet V,
and define its mized source V. = {V"}>2, by

Pyn (V) = CVIPVI” (V) + CYQ.P‘/QTL (V) (V S Vn),
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where aq, as are positive constants such that oy + a2 = 1. Then, this mixed
source V = {V"}>, satisfies the semi-strong converse property but neither
the strong converse property nor the information-stability.

Similarly, let us consider two different stationary memoryless channels
Wi = {W}02,, Wy = {IWW}>2 | with arbitrary abstract input and output
alphabets X', ), and define its mized channel W = {W"™}°° | by

W (ylx) = a1 Wi (ylx) + 2W3' (y]x)  (x € X",y € V™).

Then, this mixed channel W = {IWW™}22, satisfies the semi-strong con-
verse property but neither the strong converse property nor the information-
stability. O
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