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131 mIOFEFCTOHOES

N

Lemma 1 (5£12[8], Lemma 2). RO ITILI— MEARAICDOWT,

A, = A{A >0}

Tr Ay =Tr A{A >0} = max Tr AT
0<T<I

(1)
(2)

N

Lemma 2 (512[8], Lemma 6). 2D ITILI— MEAFRA, BIZCDWT,

Jmin {Te AT = T) +Tr BT} = Tr A= Te(A - B)

ZZT, m/MElES :={A—-B >0} CERSINS.

NS

(3)

.

Lemma 3. LiE% p,,0, € S(H,) DIRERRE BREIC#E A
Og%gln{an(Tn) + e B, (Th)} = og%gln{Tr pon (In —Ty) + e Tro,T,}

=1—"Tr(p, — ")+

&/ MElE S, (a) == {p, — "0, > 0} (EF Neyman-PearsoniRE) TEXIN .

NS

(4)
(5)
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Definition 1.
Y(s) :=log Tr pc~* (6)
pla) = max {as —3(s)} (7)
N /
4 )
Lemma 4 (HiI[E, Lemma 7). £EDa € REEEDN € NICDWT,
~l0g an(8,(a) < ~{ila) o} (5)
108 5 (50 (a)) < ~p(a) )
N /
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13.2 &7F Stein DFE : direct part DEEEA

Lemma 5. FEDa < D(p||lo) ICDWT,

0y (Sn(a)) =0 (Tr pnSn(a) = 1) (10)
(GEBR) ¢(s), p(a) DT ZT7 &Y, a< D(pllo)abiEpla) —a>0TH 3.
£2T, B)KYEENTREINS. O
Lemma 6. FEDac REFEEDN € NIZDWT,
Bn(Sn(a)) =Tro,S,(a) < e " Trp,S.(a) <e " (11)
(GEBR) E&E LY,
Tr(p, — €™"%0y)Sn(a) = Tr(p, — e™on){pn — €"%op >0} >0 (12)
THhaho, BIEALT,
Tr ppSn(a) > €™ Tro, S, (a) (13)
M0 % e TERINIE & L. O
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Definition 2 (53).

Br(e) =min{ B, (T,) | T, : test, an(T,) < e} (14)
J
_ )
Theorem 1 (EF Stein DMRE). AED0 <e < 1ICDWVWT,
li L 1 “(e) =—D 15
Jim —log 5, () = —D(pllo) (15)
N /
4 )
Theorem 2 (direct part). FED0 <e <1ICDWVWT,
_ 1
lim sup —log f3,,(¢) < —D(pl|o) (16)
n—oo
N J
(GEBR) EE®Da < D(p|lo)IC2WT, Lemmab&k ¥, +RKRELQXIRTDRICDOWVWT, a,(S,(a)) <e
£27T, Bie)DEHZLY,
Bn(e) < an(Sn(a)) < e (17)
2L, REOAFERIF Lemma 62V, &Y,
lim sup ! log 5 (e) < —a (18)
n—oo
a < D(p|lo) FERTH 75, a /' D(pllo) DIBR%ZE 3 &, BENARINS. O
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13.3 {FHZREFHREN

4 N
Definition 3. XEJ CRICBITHEREAHf: JCR —REZEZ 3.

(BEEI EH fOERFHJICEENTWVWS) FEDOIILI—MFARA BICHLT,

A<B = f(A) < f(B) (19)
DRYIIDEE, fIXEAFREFRREZE (operator monotone function) TdH 3 & W D.
_ /
Example 1.
o f(t) =logtlXFRAREFREBEL
o f(t) =1t (s€0,1]) IFEAREFAREK
o f(t)=1t"(s¢]0,1)) IFFRAREHREHTIERW
o f(t)=—1/t XERREFFEL (1 Y N\—RIIEAFRVER)
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13.4 {EAZF=RMEE

4 N
Definition 4. XA J CRICBITHEREAH S JCR —REZEZX 3.

(BEEI EH fOERFHJICEENTWVWS) FEDOIILI—MFARA BICHLT,

LF(A) + (L= f(B) = f(tA+(1—H)B) (0<VE<1) (20)

DRYIIDEE, fIXEAFRMEE (operator convex function) T#H 3 & WM.

t5 (s € [~1,0) U[L,2]) VR SRMES
— 15 (s ¢ [<1,0] U[1,2]) ldVEAROBEETIE AL
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135 #HANEY 27 —AXRL—F—

-~ N
Definition 5 (Z/EFH, &1ER).

Lp:XeL(H)— AX € LH) (EBEFEER) (21)
Rp: A€ L(H)— ABe L(H) (BHIIEER) (22)
N J
FEEDX € LH)ICT LT, LuaRpX = AXB = RpLaX THEHD, Li& Rpida#TH>.
4 N

Definition 6. #H €2 25 —74 L —% — (relative modular operator) %
Apxp:=LsRp-1 CTEEKYTS. §4b5b,

Aap: X E€LH) — Aup(X)=AXB ' c L(H) (23)
ﬁéﬁﬁd)t&), A = AA,B t%< th)y)é
o /
\
Lemma 7.
(i) A>0D&E, Ly >0
(i) B>0D&E, Rp >0
(i) A, B>0D&E, Ayp>0ThHY, $FICA,plETILI—H
\_ J
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(FBR) FEBOX € L(H)IDWTRANHYIDZ &1, (i) (i) ARIL.
(X, LaX))=Tr[X*AX] = Tr | (VAX)" (VAX)| > 0
(X, RaX )= Te[X*XA] = Tr [(XVA)" (XVA)] > 0

(ii)) LAl R+ F¥ERBTARTHENS, Aap=LaRp 1 = (L{*RY*)" >0 0

4 N
Remark 1 (BIDEZ 7). BEERARp,0 € S(H)ICNL T,

(X,Y) =TrpX*Y, (X,V)] :=TroYX" (24)

EBLE, INSIFL(H) EDOFEIREFSR (sesquilinear form) T, p> 0,0 > 0D & ZRTEICKRS.
BEES15—ARL—F—A,, BRAE B TERARE LTEBELTH LU,

(X,85,Y), =Tr[p- X*-0Yp '] =TroY X* = (X,Y)] (25)

(X, D0 pX), = (X, X)F >0 (26)

P

THDIND, Ny, > 00DND. BHIC, A, ,BILI—MEAHRTHS.
- y
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136 BFf-FAN—VTV2R

L )
Definition 7.
D¥ (pllo) = (X, f(A)(X)), (X € L(H)) (27)
Dy(pllo) := D(pllo) = (I, F(A)D), = Te[p- [ (A,) (D] = (012, [ (As,) p/2))  (28)
NS /
BEERRp, 0 € S(H)IHLT, RRY LR
P = ZCL,@EZ', o = szFj (29)
i j
#EZB. (BREDEOHp, 0> 0%IRE)
A(FjE;) = oFjEipp™" = Z_jFJEz (30)
THENS, A, , OEAEE T, HETSEENY MUSEE THE.
THBND, BE () DF—5—BEEEANE,
b.
r@mE) =1 (%) B, (32)
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DY LD, Ihkt),

FANT) = f(A) (ZZFJ-E@) =2 2 fAEE)= > f (b—) (FiE:)  (33)

bjTI‘E,L'Fj
Dy(pllo) = Tr[p- f(A ZZazf( )TrFE ZZazTrEF (aiTrEiF)
(34)
ZIT
p(i,j) = a; Tr B;F;,  q(i, j) = b; Tr B F (35)

EBITE, INLIEERPHETHD. EF YA NRN—VTVRAE, TNSOHB -4 NX—Y TV RATEH
H5.

Dy (pllo) = Dy(pllg) (36)

Theorem 3 (&EM). f(t) MEAROLERTHD &, EFEDCPTPEREICDOWVWT,

Dy(pllo) = Dy(E(p)]|E(a)) (37)

(SFRRIZ&B8)
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13.7 EF -4 1= 2ADHI

Lemma 8. TIVI—MMERAFA B L(H)ICRLT,

f(La) =Ly, [f(RB)=Rys) (38)

(GEBR) EFALAICDWT(38) 2R (AFARADHBELRAKKR). BEDX € L(H)ICDWT,
(LA)"X =A"X =L X (n=0,1,2,...) (39)

THBDD, ft)=1" (n=0,1,2,...)DE = (38)HHYIID. Tt

LaA—l—bB =alyq+bLp (a,bEC, A,B E/:(H)) (40)
DRYILDDT, f(t)HNZEADBES (38)DMIL. —BDIFE, ft)DT—F—EBHEZEZINITLL.
~
Example 3. f(t) = —logtD & &, EFENI Y MAE—D(p|lo) TH 3.
AEREBAERDORMENS,
(38)
—logA = —logL,R,~+ = —(log Ly +logR,-1) = — (Liogo + Riog p-1)

&2,

Dy (pllo) = Trp(—log A)(I) = = Trp(logo +1log p~') = Tr p (log p — log o) = D(pl|o) )
N
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4 )
Example 4. f(t) =tlogtD & &, EFHANTY bOE—D(o|lp) TH 2.

Alog A = (LyR,-1)log(LoRy-1) = (Lo R,-1)(log Ly +log R,1) & (

LURp—l)(Llogff + Riog p—l)
THdh b,

(Alog A)(I) = (L, R,-1)(logo +logp™") = o(logo — log p)p~*
&2,

5 Dy(pllo) = Trp(Alog A)(I) = Tr[p- o(logo —log p)p~ '] = Tro(logo —log p) = D(o]|p) )

Example 5. f(t) =t D& &,

Dy(pllo) = Trp (A*)(I) = Trpo'=*p~ 7% = Trp*o’~* (41)
e )
Lemma 9 (EFRAMDR). FEDCPTPERICDWT,
TrpSc' ™5 < Tr&(p)sE(0) ™ (s €[0,1]) (42)
Trp*ct ™ > Tr&(p)°E(o)' ™ (s €[~1,0]U[1,2]) (43)
N J
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13.8 =F Stein DFHRE : converse part

4 )
Theorem 4 (£F Stein DMRE). FED0 <e < 1ICDWVWT,
I 1 loo 8% () — —D 44
Tim L log 7€) = ~D(pll0) (44)
N J
N )
Theorem 5 (converse part). FED0 <e < 1IZDWT,
.1 .
lim inf —log B, (e) = —D(pllo) (45)
Z5ERAT 5.
N J
Br(e)ZEKT BDREOLST, < I,IC2WT, a,(T,) <eTH3HM5H, UTZrEIELL.
4 )
Theorem 6. FEDREF{T,}>>, (0T, <I,) &, FED0<e<1IZDWVT,
0 (T,) < ¢ = liminf = log 8,(T,) > —D(pl[o) (46)
n—oo N
N J
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(FEBA) ERD1<s<21IC2WT, BEfAtLemma 9& Y,

TrpSol=% > {Trp, T,V {Tr o, T} =5 + {Tr p,, (L, — 1)} {Tr o, (I, — Tp,)}' %
> {Tr p, T} {Tr 0, T, }}~*
> (1 —¢e)*{Tro,T,}'*
£ -,

slog(l —¢) 4+ (1 —s)logTro, T, < logTrpsol:™% =logTr (psal_s)n =n-Y(s)

TLO-TL

1<s<2IC2WT, 1—s<0&y(l)=0&WY,

! i log(1 —¢) + %logTranTn > _Yls) = v

n 1—s s—1
M0 D liminf,, ., 2 & 5 2 & T,
lim inf 1 log Tr 0, T}, > _w(s) —v()
n—oo 1 s—1
s\, 1D (GBR) =& %I & T,
— (1
lim inf ! log Tr o, T,, > — lim Pls) = v(t) = —D(p||o)

n—oo M s\(1 s—1

(51)

(52)

(53)

15/17



13.9 [BFHRAXRY MVHIGIRTEIE (D 1)

\
Theorem 7.
n=oo )1 a < D(pllo)
Tr p,, Sy (a) = Tr p®7{p®" — "?e®m > 0} "= 54
r pnSn(a) = Tr p="{p "o }— {0 o> D(pllo) (54)
\_ %
a < D(p||o) DIHE L Lemma 5 TR L 7.
Lemma 10. & Da > D(p|lo) ICDWT,
0y (Sn(a)) = (Tr pnSn(a) e 0) (55)
(FEAR) EED1 < s <2ICDWT,
Tt p1Sn(a) = {Tr pn Sy (a) }{Tr py S (a)}'
< e Tr p, 8, () {Tr 0, Sn(a)}' ™ (0 1—5<0)
< 0= [{Tr p, S, (@)} {Tr 0,08, (@)}~ + {1 pu (L — Su(@))} {Tr o (L — Sua))}'~"]
<€na(1 s) Trps 1—s (56)
<€na(1 s)(Trps 1— s>n (57)
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=720, (56) DAERTIFEFAM Lemma 9% AW, &> T, 9(s) =logpcl™* & BT,

Tr pnSn(a) < exp[—n - max {a(s — 1) —1(s)}] (58)

W' (1) = D(p|lo) THBND,

a > D(pllo) = max {a(s—1) —4(s)} >0 (59)
E15T, Trp,Sn(a) =1 —a,(Sp(a)) =30 BRENB, O
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