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14 H# - s FREBTS{EEE

RIOAEE : [FHRANRY MVARIEEE (2D 2)

4 )
Theorem 1 (1BE8RA XY MUVAIIBREE 1, FIEEERR). EEDa € RICDWT,
noe J 1 a<D(pllo)
Tr pnSn(a) = Tr p2"{p®" — "¢ > 0} "= 1
r pnSn(a) = Trp®"{p®" — ™o p— {0 o> D(pllo) (1)
- /
\
Theorem 2 (IFFRANRY MUVHBREE 2). EEDa € RICDWT,
noe J 1 a<D(pllo)
T ®n __ _na,_Qn — 2
- J

(GEBR) a < D(pllo) D& ZE, a<b< D(p|lo) £@2EHINENT,

0<1—-"Tr(pn,—€"%0pn)y = min {Trp, [, —T,)+e"*Tro,T,}

< n(Su(B)) + € B (S0 (b))
< ap(Sp(b) +e™e™™ — 0 (n— o)

2L, REDARERNTIEL,.(S,(b) <e ™ HEBWE. —A, a> D(pllo) D& ZE,

0 < Tr(p*" — e”“a®")+ = Tr [(p®™ — €"0%") S, (a)] < Trp®"S,(a) — 0 (n — o0)
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14.1 H# - S FBER

-
Definition 1. EFBEBICEWVWT, HGHANS T TN OHNEFREANOWIEZHE - EFRE
B (classical-quantum channel, cq channel) & &R GERDCPTPERIZEEL TEZ ).

W:.zeX (BRES, GBIV IFTILOES)— W, € S(H) (BEITIDESR)

- J

14.2 i.i.d. ¥R

o H#l - EFBEEHW Di.id. K

xy = | W |—= W,
To — | W

e i0E : EZRDELDICEL

" = (11,29, ..., 2) EXT = | W | = Won =W, @W,, @@ W, € S(H®")

o HEEP(z)Diid. HEE

P"(z") = P(x1)P(x2) ... P(x,)
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143 H#l - EFEEREN LAy E—VIEE

ke{l,2,--- M} Avt—Y

J o™ | #S2 (encoder)

pM(k) = wm(k) , wa(k) -, @a(k)
] 1 1
3 1 1
] 1 3

Wiha = Way ©® Wew @ - ® We

bXM = (XM, X\, L XY L, = HE EDPOVM) | #8588 (decoder)

1€{0,1,2,--- ,M,} HEEXvt—Y ((RESEKEET)

Definition 2 (‘3958 Y #E3K).

My,

(1 T ™ X(”>) (3)

PG(()O(n),X(n)) — go(n)(k) L

1
M,

x

=1
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144 t#H - sFRERE=E HSWOEHE

4 N
Definition 3. S0 (o™, X)) (n=1,2,.. )ABEEL T, UTFELIN3EE,

fF51b L — b RIZZERFBE (achievable) TH B & W .

1 NN AN
linr_1>inf —logM, >R (fF5iblL — MHERERIC RELL) (4)
n oo N
lim Pe(p™ X)) =0 (@HEMICTS—E0O) (5)
n—oo
\_ /

Definition 4 (&8t - ET7RBEHEE).

C(W) :=sup{ R | RlFachievable } (6)
_ )
Theorem 3 (H# - EFREBFASILEIE, Holevo-Schumacher-Westmoreland D EE).
= I(P,W I
CW) = jmax I(PW) (7)

ZZT, I(P,W)l&HolevolHEERE :

ZP D(W,||[Wp) where Wp:=> P(z)W,
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145 tHEEHREICEE L BN EEE

o Holevo lBEIEHREBIIAEFRECEFENITY hOE—I(P; W) = D(R||S) T#H3

P(1) W, 0 P(1)Wp 0
R=Px)W, = . S=PP)Wp =
* 0 P(N) Wy g 0 P(N)Wp
FoT, EFIRGZBREDEMBICLY,
4 N

Lemma 1. F=Da € RICDWT,

Tr RE{R®" — ™ S¥" > 0} = Y P"(a") Te Wi {WJh — e"*WE" > 0}
xreXxXmn
n—oo |1 I(P;
0 a>I(P;W)
N J
tEEXTIR, UTORE, NL—2Z22T7Ov I EICHERRZZE5FIALTVS

Xn
R®™ = <@ P(:U)Wx> = P PamW

reX xneXxXn
Xn
s = (@rewe) - @ e
reX rreXxn
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146 BEBASE (AvE—YEX) : HHR
EEE—EEE%Wl(y),WQ(y),,WM(y)O)Hjijb‘Bljjk%é'l'C%F’nﬁ%_

ke {1,2,...,M} — |W(ylk) = Wi(y) | — y

ZFEN3I DU LDIREFREMBE (@A 2DET : BI{REZIRTE)
e trivial zero error case
Probability
“ Wa(y) Wi(y) Ww(y)

Wi(y) EZ DWW (y) (I # k)DA—/NT v THAL
o yZERATHIETEEEOIS—TCHIITES
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14.7 An Overlap Measure : B#{REERENDIFE
Probability

A

Wi(y) Wkly)  Wwm(y)

o Wk t%#’LLLL%Wl (l 7§ k)@ (%%ﬁio)) BayesEo”fI5—%%7l%>
o T C V7% kD% (acceptance region) & § 5 &

P.(k) := Z1;I1C151}{ Z Wi(y) + Z Z Wl(y)} Ist kind + 2nd kind

yerle l#k yeT

= min {1 - Z(Wk(y) - ;Wl(y)) }

yeT
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14.8 Bayes KINFESR
Probability

Wi(y) Wkly)  Wwm(y)

o P(k):=1—P.(k): Wy EZhLUNEHINT 2 ZORIFEE (LEEBPYED)

Py(k) =1 = P.(k) = max > (Wk =) Wiy )

yeT 1k

SN ()

I£k
7=72L, (F(z)); = max{0, F'(x)}
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149 EBM{EGRRE~NDRE (EFFR)
- BTBEBWL, W, ..., Wy (BEFH) #5A5N TV EE, HABTRELEPOVMEIET 2
ZeThEYTHHERE

AN

ke{l,2,.... M} — | Wi |—|POVM | — k

HEL R & B4k IC overlap measure #ZE 2 %
o Pi(k)=1—P.(k): Wy EZNLUS %55 T % Bayes KIIHERZZ A %

P(k) = Orgnjz}%cl Tr <Wk — Z WZ)T = Tr <Wk — Z Wl)

1%k 1%k +
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14.10 J#EER : overlap DIFEREA R Y NILBYFENT

BIRERE | {W  onean ICR LT, M, = e"BEDAI%FEA Toverlap

maxy, P, (k) :maxk,{l P,(k)} A EOICRZEDICT S

/

\
Theorem 4 (HHEIEHRE (L sharp limit).
(1) (achievability) Choosing ¢, (k) (k=1,2,..., M,) randomly subject to P™(z"), we have
n— 00 7
(2) (strong converse) For any {¢,}5% ;, we have
Tg&@ﬁﬁiﬁ<wdm g; (a)_n if R > I(P,W),
/
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14.11 proof of (1) achievability

Given a cq channel z € X — W, andamap k € {1,2,..., M} — ¢(k) € X, for any P(x), a € R, and
ke{l,2,...,M}, it obviously holds that

<ww > W UO >T%:mm > W UO{ ww—€”@>0}

£k I#k

Taking expectation, we have

o),

14k
> F [TI‘ an(k){wson(k) — enaWp > O}] — M, -E |Tr Wp{W@n(k) — 6naWp > O}]

> (1 —e"e ™) Epn [Tr W;%{Wgn —e"Wpn > O} :

If R < I(P,W), then there exists R < a < I(P,W), and the property (8) of I(P, W) assures that
RHS — 1 (n — o0)
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14.12 BIEBRS{IEDORY XL DERK
cq channel W:x — W, ERFSERe: k— p(k) e X

ked{l,2,....,. M} — o(k) = | Wyu | = |POVM Y = (i} | = k=1,

HE2RY (POVM)AEZ 5N2 L, BYEEPe(k oY) NARICEES

~
J

Theorem 5. For any map o : {1,2,... M} > X
there exists POVM Y = {Y}} M such that forany kand T (0 < T < I)

%%wﬂﬁgﬁW%mU—H+T(zymm>T (9)
14k

holds. Taking the minimum w.r.t. 0 < T < I, we have

Pdh%ngl—ﬂ<W}—§:WO (10)
1#£k +
N j

INné& Theorem 4 &Y, R<I(P,W)THhnIE, Rhachievable THBZ &N REINB. ThabH5,

C(W) > I(P,W) (11)

NI,
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14.13 sketch proof

e POVM Y = {Y;}L,, is constructed by Beigi-Gohari (2014) *!

T W T (k=12 M)
k— o= Z We)
I — suppot(7},) (k=0) '

T, ' is the generalized inverse satisfying Tgl/QTwTJ1/2 = s(T},)
e monotonicity of the Sandwiched Renyi divergence for o = 2

(Collision relative entropy)

1 1
1 *(Al|lB) —

Q;@Muﬂzzik(Bilﬂ4B$f)a

D, (Al|B) =

log Tr A

QSOﬂUﬂ::TT(B‘V4AB—LM)2::TrC4.B—U2AB—L@>
Let

Wi =Womys Vi=>_ W
£k

*1

vol. 60, pp. 7980-7986, 2014.

x S. Beigi and A. Gohari, “Quantum achievability proof via collision relative entropy,” IEEE Trans. Inform. Theory,
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For simplicity, we neglect the support treatment. Then we have

Yi =W+ Vk)_l/QWk(Wk + Vk)_l/z

and

Pe(k; v, Y) =1-—"Tr Wk(Wk + Vk)_1/2Wk(Wk¢ -+ Vk)_l/Q
=Tr Wk(Wk -+ Vk)_l/QVk<Wk + Vk)_l/Q

= Tr Wy, — Q5(Wk||[Wk + Vi)

< TrW,.T x Tr V., T n TI‘Wk(I —T) X TrVk(I —T)
- TrW,T + Tr V., T Tl”Wk(I—T) —I—TI’Vk([—T)
< TrW,T + TrVk(I — T)

monotonicity
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14.14 Hayashi-Nagaoka D& R

‘ Hayashi-Nagaoka (2003) ‘ EFIERERICREBNESZEO L
Given c-q channel W : x +— W, for any P(x) there exists (¢, Y') such that

Y)<2) Pla)TeWo { W, —e"Wp <0} +4(M—1) Y Pa)TrWp{W, —e*Wp >0}
reX reX

for any a € R, where Wp = > .\ P(z)W,.

o (ORATT = {Won) —e"Wp >0} EBWT, SYFLI—FT 1T (k) " Pla)&Ei5.
SV LD—T 1V JICEAT BHFE

EF@%ngﬂngrﬁﬂf@ﬂ (k) —eV%a<04—+EIH(§: UO{ (k) —eVWa>O}

14k
Zf%M»FTW%wﬂ @>—€VW°<0ﬂ-+Ewmlﬁ(§:Eww }>{ w>—€”VP>0}
12k |
=Y P@)TeWo {W, —e"Wp<0}+(M—1)) Pla)TrWp{W, —e"Wp >0}
reEX reX

£oT, FVFLI=—TAVIDREICLY, RAZB/LIHES (0, Y) DEENTRSNE.

V)<Y P@)TrWo {W, —e*Wp <0} + (M —1) > Pa)TrWp{W, —e"Wp >0}
reX reX

Hayashi-Nagaoka D F~EX D RIFERA & R DHEN ST oNn 5.
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