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What is Quantum Secret Sharing Schemes ?

O Classical Secret Sharing Schemes (SSS)

+ (k,n)-threshold SSS (Shamir 1979, Blakley 1979)

(k, L,n)-threshold ramp SSS
(Yamamoto 1985, Blakley-Meadows 1985)

O | Quantum Secret Sharing Schemes (QSSS)

{ to encode classical messages (bit)

Into quantum states
to encode quantum states (gbit) } d

O What for ?

- outputs of quantum computer
- outputs of expensive apparatus
- quantum key in cryptography with quantum algorithm



Literature on QSSS

O (k,n)-threshold QSSS (Cleve-Gottesman-Lo, 1999)
O Coaoding efficiency of perfect QSSS (Gottesman, 2000)

O Information theoretical treatment (Imai et al., 2003)
based on coherent information and reference system

— Qur Goal

O Information theoretical treatment
based on reversibility and Holevo Information

O Coding efficiency of ramp QSSS and optimal construction




Quantum Secret Sharing Schemes (QSSS)

O S(H) : totality of density operators on H
—H : Hilbert space
p . original state € S(H)

Il  Wx : encoder into shares N = {1,2,...,n}
— HN=H1 QHo R - Q Hpy——

Wx(p) : entangled state

. 2
e partial trace for a subset X C N

Hx = ®z’€X Hi
Wx(p) = Trayvx - Wn(p) Wx (p) reproduces p or not 7




Authorized and Unauthorized Sets

encoder

peSH) =Wy

O
O

—— Wn(p) =

partial trace

TrN\X

subset X C NV Wx = TI’N\X - W

X

authorized

def

< Wx (p) can reproduce p for Vp € S(H)

X

unauthorized

def

< Wx (p) has no information about p € S(H) for Vp

X

Intermediate

def ]
<= otherwise



Perfect Schemes and Ramp Schems

peSH) =5 Wy == Wn(p) = Try\x F= Wx(p)

O | QSSS Wy : perfect scheme

def L . .
<= X is either authorized or unauthorized for VX C N

O | QSSS Wy : ramp scheme

def )
<= otherwise



Reversibility of Quantum Operations

O quantum operation

pES(H) = &= £(p) '{
O subset S C S(H)

O

O

E :

reversible w.r.t. S

AL IR such that

VoesS 5&

trace preserving
completely positive
affine map

== &(p) = RF> RE(p) =p

E :

vanishing w.r.t. &

def

< dpg such that

VpelS HE

= &(p) = po




Quantum Relative Entropy

O D(pllo) < Tr[p(log p — log o)]

O monotonicity

p e E(p)

o (o)
D(plle) = D(&(p)||E(o))

Theorem (Petz, 1986)

The following conditions are equivalent.

1. &€ is reversible w.r.t. {p,o}

2. D(pllo) = D(E(p)l|E(a))




Holevo Information

O €& : quantum operation

O u : probability measure on S C S(H)

Eu[']déf/s - u(dp) o, = Eulp]

O | Holevo Information for £ and u

I(1;€) = EL[D(E(p)||E(0,,))]

O also written as

I(; &) = H(E(oyu)) —EuL[H(E(p))]

H (p) L —Tr[plog p] : von Neumann entropy

10



Holevo Information and Reversibility
O P,(S) : set of probability measures on S C S(H)

O uePi(S)
O monotonicity  I(pu;Z) > I(p;E)  (Z : identity)

Theorem 1

The following conditions are equivalent.

1. £ is reversible (resp. vanishing) w.r.t. S
2. YV € Pr(S), I(1;E) = I(1;Z) (resp. =0)
3. Jp € P(S), I(1:&) = 1(1;Z) (resp. = 0)

O cf. Schumacher and Nielsen, 1996
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Authorized (Unauthorized) Condition for Shares
O £=Wx 8=38(H) : set of pure states

O reversibility w.r.t. S(H) <= reversibility w.r.t. S1(H)
O Holevo information for € Py (S1(H))

I(1;T) = H(oy) > I(psWx)

O for pure state

Theorem 2

The following conditions are equivalent.

1. X is authorized (resp. unauthorized)
2. Vi € Py(S1(H)), (s Wx) = H(o,,) (resp. =0)
3. du e Pr(S1(H)), I(p;Wx )= H(o,) (resp. =0)




Coding Efficiency of Perfect QSSS

— Theorem 3 (cf. Imai et al. 2003)
VXCN VuePy(S1(H))

H(ou) < HWx (o))

p : invariant measure on Sy (H)
@ (uniform distribution on pure states)

— o0, =1/dimH

— Corollary 1 (Gottesman 2000)

Vie N dimH < dim H,;
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Proof of Theorem 3 (1)

O For X C N 3Y : unauthorized = I(u;Wy) =20
X UY : authorized — I(u;Wxy)= H(o,)

O H(oy) =1(p; Wxy) —I(; Wy)
= HWxy (0,)) — E [HWxy (p))] — HWy (0,)) + E,[H(Wy (p))]
< HWx(ou)) — EuH,(Wx |[Wy)]

O subadditivity
H(Wxy(ou)) < HWx(04)) + H(Wy (04))

O conditional entropy

H,(Wx|Wy) € HWxy(p)) — H(Wy (p))



Proof of Theorem 3 (2)
O Y : unauthorized X UY : authorized
H(Uu) < H(WX(JH)) — EM[HP(WX|WY)]
O classical case : H,(Wx|Wy) >0

O quantum case : TH A >0




Proof of Theorem 3 (3)
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O p: pure state — WN(P) . pure state
(". Steinspring dilation, called pure state scheme)

O XNY =10

def

Z = N\XUY

O no cloning theorem

(

Y
X UY : authorized
N < | X )

/ Z : unauthorized

\.

Y

X

Z

O Z has the same property as Y !

O no deleting theorem

Y : unauthorized

U
X U Z : authorized
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Proof of Theorem 3 (4)

/-

Y. H(ou) < HWx(04)) = Eu[H,(Wx |[Wy)]

Z: H(oy) < HWx(0,)) = EuHy(Wx |Wz)]

\

4

H(ou,) < HWx(ou)) {E p(Wx Wy )| + EM[HP(WX|WZ)]}

O for pure state scheme
= H(Wx(o,))



